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Bifundamental

* Bifundamental nature of the SM fields can be nicely explained by open string en
ding on intersecting branes.

U(3) U(1) x U(2) U(1) x U(2)

* Geometrical understanding.

1. Local gauge symm enhancement to U(1)xU(2) -> U(3).
W bosons, (1,-1,0)..., become light.

2. Chiral matter: Either 2, or 2*_; exclusively survives.
3. Problems in D-brane construction using perturbative srings.

cf. Not enough for down-quark Yukawa
3 4-pronged strings at string coupling [DeWolfe et al.]

F-theory unifies it with closed string theory [Vafa]



Tilted D-branes

T-duality along i-th direction: A; <-> X

Const A (Wilson line): translation

Const F: slope

2
Fiy = % (3) <->

D-brane wrapping (1,3)-cycle

 Toron quantization: closed curve. RR charges 1 and 3

Generalization: homological cycle.



Torons are magnetized brane

* 2-cycles in T* induced from 1-cycles of 72

* (n, m) cycle -> magnetized flux

. 4D
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e (Cf.T-branes [Cecotti, Cordova, Heckman, Vafa]...
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Brane recombination [ibanez et al.] [K. Hashimoto, W. Taylor] [Kim, KSC] [KSC]. ..

:

(1,1) + (1,-1) (110) + (110)
U(1) x U(1) U(1)xU(1) <-> U(2)

(1,1) + 2(1,-1) (3,-1)
U(1) x U(2) <-> U(1)3 U(3)

local chiralities change



SUSY [Marino, Minahan, Moore, Strominger]

In 4D SUSY cond: 0, + 054= const.

fi2 + faa = p(1 — fiafs4)

MMMS equation means projection <-> SUSY cond. of intersecting branes.

H = 1oV3VaTr[(1 + for)(1 + f2y)]"/?
= roVaVaTr[1 + for + fso + forfso]'/?
= 19 VaV4Tr[1 + fo7 f3o]
= ToVa3V4[N + c2]

f67 = f89

DBI action only measures the total Chern numbers.

6D: N, ¢y 45, C167, C189, Ca-



Small toron

* Brane and magnetized brane

\ 4

(1,0) + (0,1)
U(1) x U(1)

* Small (zero size) toron = D-brane

Fio = —
Fia =216 (z,y) YA

* Dual to small instanton transition [Witten] [Aspinwall, Morrison]



Global consistency condition

In string theory,
anomaly cancellation is promoted to global consistency condition
from one-loop diagram.

* Closed string: * Open string:
¢ Vacuum-to-vacuum (torus) diagram - e Cylinder and its twisted variants — RR
modular invariance tadpole cancellation.

2
(0=

* Condition between gauge symmetry F' and * Constrains the number of D-branes n.
geometry R.

* F,Rin the low energy theory.

trRAR—tr FAF =0

Guaranteeing anomaly free theory.
# generations = Indices: local chirality that can
change



Meaning

On T° compactification with N=1 SUSY in 4D: ex. [Cvetic, Shiu, Uranga 01]

The sum of total D-brane charges should be the same as
09 plane chargeor its T-duals.

Op planes at the 277 fixed points.

N =<
ex. O8s on S/Z, / \ ><

Type I string = type IIB with O9 and 16 D9s -> SO(32)
S-dual to SO(32) heterotic string.

T-dual to Eg X Eg heterotic string.



Reid’s fantasy

My fantasy:

Math. Ann. 278, 329 . ed
The moduli space of string vacua connected,

] try.
for a given string theory and Calabi— Yau geometry

Cf.landscape V8 swampland.

g g

some F-theory vacua

The Moduli Space of 3-Folds with K =10
may Nevertheless be Irreducible
Miles Reid

Mathematical Institute, University of Warwick, Coventry CV4 7AL, UK

To Friedrich Hirzebruch on his sixtieth birthday

This paper consists mainly of idle speculation. I apologise for having neither the
time nor the ability to prepare a proper paper as a birthday tribute to Professor
Hirzebruch. I should acknowledge that apart from Hirzebruch’s beautiful
constructions of many examples of 3-folds with K =0, I have been prompted to a
large extent by ideas of H. Clemens and R. Friedman.




Heterotic string



OrbifOld limit Of Calabi_Yau [Dixon, Harvey, Vafa, Witten 85, 86]

[Ibanez, Nilles, Quevedo 87]

[KSC, Kim 03]

* Singular limit of Calabi-Yau manifold. Ex. K3 =T 4/Z, .
 Each fixed point: ALE space R*/Zy.
“ A A
Y  /
* Blow up — smooth ALE space. g
 Flat background connection at “infinity” = shift vector.
 Structure group is U(1)":
* rrank of the maximal torus. SO(16)xS0O(16) or SO(32).
© ky=3(n4ny) (Zy) for V=1/3 00,17 2m2) ) |
N kT — # tw1sted VCCtOI‘S Of SO(I’IO) [Intriligator 97] [Blum, Intriligator 97] [KSC, Kobayashi 19]
* Gluing R%/Zy ’s: shift vector with Wilson lines
* Modular invariance of the partition function Vi o g2 0 d 1
— - — = mod —
* Instanton number ky + kp = 24 2 2 N

trRAR—tr FANF =0



Transitions: example SO(32) het on T%/Z,

U(8) x SO(16)

V=13(1111111100000000)

kT:O

U:(8,16) + (28,1) +2(1,1
T:9(28,1) + 18(1,1)
ky=3-8=24

Vi=1/3(110000000000000 0 ) daughter shift vector
Vo=1/3(0011111100000000) emitted instanton

U(2) x SO(28) x Sp(18)
Vi=13(1100000000000000)

U(2) x SO(28)
Vi=13(1100000000000000)

U:(2,28;1)+3(1,1;1)
T7:9(1,1;1) +18(1,1;1)
NP :1(1,28;36) + (2,1;36)
ky=3:2=6
kr=0
n =3+ 6= 18 instantons emitted

and became 5-branes: extra Sp(18)
Anomaly free

U:(2,28)+3(1,1)

T:9(2,28) +18(1,1) +45(1,1)
kU =3:2=6

kt = # vectors = 18




Worldsheet CFT with 5-branes

* Every non-perturbative vacua are inherited from perturbative vacua.

€

Worldsheet CFT

GSO Projection

e2m(N—N+(P+V)-V—(s+¢)-¢—%(V2—¢2))

Modular invariance

21 (N=N+(P+V1)-Vi—(s+¢)-¢— 3 (V7 —¢* )+ AEp)

V=V +V

Remaining instantons Emitted instantons — 5-branes

2
%m% — (P+ V12+ V2) + N+ E, perturbative
2

— E+ W) + N + Ey + AE, non-perturbative

2 [Aldazabal, Font, Ibanez, Uranga, Violero 98]
1 n
AEy =V, - Vo4 —Vi = —
o= et =y

Modified zero point energy

The same CFT description!

Instanton # k; + k, + n =24.



[KSC, Kobayashi 19]

3(0'%)
SO(32) x Sp(24)

SO(32) het on T*/Z,

Inverse transition V,=V -V,

V=V, +V. %(12 014)
<7 U(2) x SO(28) x Sp(18)
/ \ e i Works even if not overlapping V, . V,.
Remaining Emitted instantons /,//
instant — 5-branes s
mstantons //// %(14 012) %(2 015)
/ U(4) x SO(24) x Sp(12) U(1) x SO(30) x Sp(12)
’I/ %(16 010) %(2 12 013)
U(6) x SO(20) x Sp(6) U(3) x SO(26) x Sp(6)
%(12 014) %(18 010) %(2 14 011)
U(2) x SO(28) U(8) x SO(16) U(5) x SO(22)
Selection rule:
Most models having spinorial in the twisted sector, transition is forbidden.
1 1
§(114 02) ) 5(2 110 03)
U(11) x SO(6)

U(14) x SO(4)




5(0%)(0%)
Eg X Eg

E¢xEg het on TYZ,

o) | e
E7XU(1)XE8 E7XU(1)XE8

T

5(1% 0%)(12 0°) 5(2 07)(0%)
E; xU(1) x Er x U(1) SO(14) x U(1) x Eg

12 12 09)0)

Es x SU(3) x Eg

5(2 07),(12 0°)
SO(14) x U(1) x E7 x
(](1)

$(207)(207) TESET 06/ 1
SO(14) x U(1) x
SO(14) x U(1) Ee x SU(3) x Br xU(1 SU(9) x Es
1212 0°)(2 12 0°)
E¢x SU(3)x Egx SU(3) In Egx Eg, no extra gauge group from 5-branes
$(2 1 03\;(2 12 0%)
SU(9) x Eg x SU(3)




F-theory



F—theOI'y [Vafa] [Beasley, Heckman, Vafa] [Donagi, Wijnholt]...

7-branes of type IIB string lift to geometry of Calabi— Yau fourfold

Intersection (6D): localized matter

With 4-form flux <G>, magnetic flux is induced on it.

Yielding to 4D chiral fermion.

matter curve
with a light
trapped string

three intersecting—
branes

From [W. Walters 13]



F-theory

Global consistency condition for 3-form requires # of D3 branes [Sethi, Vafa, Witten]

1 1 «
d%dC = cs(V) = G AG =Y 5% —ya)
a=1

D3s play no role in 4D chiral spectrum... [Cvetic, Grimm, Klevers 12]

F-theory on K3 is dual to heterotic string on torus E

Internal YM symmetry is converted to geometry.

G
o = ZFI Aer, e € HYY(K3)
1

Small instanton transition to vertical heterotic 5-brane

1
—~ It FAF|p =

1
TrF AF' sY(E
2hY g B+ Y sW(E)

vertical

Duality
* Heterotic small instanton -> G-flux in F-theory.
 Shrinking G-flux becomes D3-branes



“G-1nstanton’ transition

* G-instanton *yG =G withJA G =0

* Hermitian YM eq. for holomorphic vector bundle in the heterotic.

* Expansion of G-flux in terms of base curves which is self-dual C* =%C* =C,

G /
—=—+ P AC
2 2m ¢ ¢
* The coefficient is group theoretical factor
_ i i Orthogonal
Pa = Z caEi, ¢u €ZL. translated to geometry in the F-theory side.

i

. .. ®)(y _
e Small ’G-instanton” to D3 transition 87 (x — Xa)

LG/\G—LG’/\G’—kln*C AT*Cy A P, A P,
872 872 27 ar e rar

* # D3-branes guided by group theory

1 1 . o
—— | P,AP,=—- ¢YE;ANE; +2Y CiclE, ANE;
R z/m(,z(a)’ +2Y B N E)
=D (@)=Y cocahyj
i

i<j



Small “G-1nstanton’ transition

 Chiral spectrum
* Ex. SU(5) G-flux on an SU(5) brane

. Ei: root divisors of SU(5)
GSU(5) : EZ . Da == 0, 1= 1, 2, 3, 4, Oé(z) € @S(SU(5)) relatédto the roots a®

D,: base diviosor
 SU(5) ->SU@3) x SU2)

i SU(S
Ggg G W ©) A;: fundamental weight divisors of SU(5)

/
27 = 277 + SAU) ’ (acl (B ) + bB) B’: base of elliptic fibration
B: Section of K3-base

24 > (8,1)g+ (1,3)g + (1, D)o + 3,2)_s/6 + 3, 2)56,
5> 3. D3+ 1,2)_1p,
10 > (3,2)16+ 3. D5+ 1, D).

Reprs. Highest weight Matter surfaces

G, Dyy3 I Sz

1.2)_1,2, pg —a® —a@ —o® Sg+ (E1 + E2 + E3) - (8c1(B') — 5B)
3, D33 K10 S10

(3.2)1/6 p1o —a) —a@ —a® S10 — (E1 + E2 + E3) - c1(B')

1,1); p1o —aD —2a@ — 263 — @ S10 — (E1 4+ 2Ey +2E3 + E4) - c1(B')




Local chirality change

* During transition, local chiralities change but still anomaly free.

* Ex.SU(S) ->SUB) x SU2)

24 — 8, 1)+ (1,3)p + (1, 1o + (3, 2)_5/6 + (3, 2)5/6,
5 @ D+ 1,2)_,
10 > (3,2)16+ 3. 1)_p/3+ (1, 1);.

— (3, Dyy3) — x(B, Dz3) +2x((3, 2)1/6) +2x((3,2)_5/6)
=—x5) — %f(Scl —3t)/\.7-"—x(10)+i/(c1 —DANF
5 B 5 B

1
+2x(10)+2-—f(cl—t)/\f+2/c1/\.7-"
58 B

= 0.



Conclusion

* Connected vacua

* Brane recombination dual to small instanton transition

* In heterotic string on orbifolds: non-perturbative correction to CFT, 5-branes

* In F-theory: the role of D3-branes in chirality

* Selection rules given by group theory.

e Qutlook:

* Due to quantization condition for the flux, not every decomposition possible.

* The instanton is generalized to stable (Hermitian Yang— Mills) bundle on threefo
1d.



# generations from extra dimension

* Dirac equation in higher dimensions with torus

D) f (x.y*y>) = (Dy + D)) f (1) f (74,y°) = 0

* Eigenvalue of D,(A4, As) looks life 4D mass
*  With magnetic flux Fs
* Torus boundary condition: Fys i quantized
» Zero eigenstates are chiral [Landau]:
either +1 or -1 representation exclusively survives
* # zero eigenstates of D) = # generations in 4D
* Ex. 3 generations from Fs/27t =3




# generations 1s topological quantity

* Dirac operator D) for the extra dim.
* D’ = H nonzero eigenstates always pair R and R*.
Not necessarily true for zero eigenstates: unpaired R or R*

* The number of 4D massless field is given by
1 2
ng —Ns=— [ d°x trFys
271

* Topological index:
* the index does not depends on smooth deformation of geometry and vector potential.
 cf. anomaly cancellation

* A constant field strength F,5 on torus is quantized due to periodic B.C.



Generalization to higher dimension

« DYy = THO, +T™ (0 — iAm + swm)p =0
bg. gauge geometry
* Vector bundles are generalized to ‘characteristic classes’

which are integrally quantized:
* For R (2D, aka magnetic flux, vortex, monopole or toron number)
 FAF =¢FF or RAR (4D aka instanton number)
 FAFA\F or FARAR (6D)...
1

1

* They classify topology of the internal manifold.



